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It is shown that ﬂat covers exist in a wide class of additive
categories – we call them elementary – which behave similar
to locally ﬁnitely presented Grothendieck categories. Elementary
categories have enough “ﬁnitely presented” objects, but they need
not be locally ﬁnitely presented. This is related to the existence of
pure monomorphisms which are not kernels and the non-exactness
of direct limits. For a module category Mod(R), every class of R-
modules containing R cogenerates an elementary full subcategory.
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0. Introduction
The existence of ﬂat covers in module categories was proved in 2001, independently by Bican
and El Bashir, and Enochs [4]. This result was extended to various Grothendieck categories by several
authors (e.g., [2,9,8,7]. In [17], ﬂat covers are shown to exist in locally ﬁnitely presented Grothendieck
categories and in some natural classes of non-abelian categories.
Apart from certain categories of sheaves [9,8], where (global) ﬂatness has to be deﬁned in terms
of the stalks, Stenström’s concept of a ﬂat object [18] in terms of pure exact sequences seems to
apply to all situations where ﬂatness has been deﬁned. Namely, an object F of an abelian category
A is said to be ﬂat if every epimorphism A F is a pure epimorphism. If the category A is left
quasi-abelian (see Section 1), but not necessarily abelian, there is still a natural concept of short exact
sequence. Then the epimorphism A F in A has to be replaced by a cokernel [17].
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2132 W. Rump / Journal of Algebra 322 (2009) 2131–2149Recall that an additive category A with direct limits is said to be locally ﬁnitely presented [6] if
every object is a direct limit of objects in a skeletally small full subcategory fp(A ), where an object
E belongs to fp(A ) if and only if the natural map
lim−→HomA (E, Ai) −→ HomA (E, lim−→ Ai) (0)
is bijective for direct limits lim−→ Ai in A . Previous investigations suggest that in order to have a suit-
able concept of purity (let aside “λ-purity” which depends on a regular cardinal λ), one has to deal
with categories A which are locally ﬁnitely presented.
Nevertheless, we will show that this restriction can be avoided. Note that for a locally ﬁnitely
presented category A , the morphisms E → A with E ∈ fp(A ) can be regarded as “elements” of A,
generalizing the fact that the elements of an R-module M correspond to the R-linear maps R → M .
In the present article, we introduce a class of additive categories A for which a concept of “ﬁnitely
presented” object can be deﬁned in a natural way, such that every object of A is a direct limit of
ﬁnitely presented ones. Since ﬁnitely presented objects give rise to “elements”, we call such categories
A elementary. However, in contrast to locally ﬁnitely presented categories, the maps (0) need not be
injective. We show that an elementary category is abelian if and only if it is a locally ﬁnitely presented
Grothendieck category. Our main result (Theorem 4) states that ﬂat covers exist in any elementary
category. For example, every pretorsion-free class A in a module category Mod(R) with R ∈A is
elementary (Proposition 5). Of course, such categories need not be locally ﬁnitely presented. If A is
elementary, every functor category AI is elementary (Proposition 6).
We show ﬁrst that elementary categories are left quasi-abelian and complete (Proposition 2). Us-
ing “elements”, purity can be deﬁned in an elementary category. While every pure epimorphism is
a cokernel, so that its kernel is a pure monomorphism, pure monomorphisms need not be kernels,
although they are monic and have pure epimorphisms as cokernels (Proposition 7). Amazingly, this
asymmetry is caused by a lack of objects. Namely, every elementary category A admits a natural
full embedding into an elementary category A˜ with the same ﬁnitely presented objects where this
anomaly does not occur (Corollary 2 of Theorem 3). We prove that an elementary category is locally
ﬁnitely presented if and only if pure monomorphisms are kernels, and that this property is also equiv-
alent to the exactness of direct limits (Theorem 3). We call such elementary categories closed. In the
abelian case, there is no such distinction, i.e. every abelian elementary category is closed.
Since locally ﬁnitely presented categories A are in one-to-one correspondence with varieties, that
is, skeletally small additive categories E with splitting idempotents, it is natural to ask which varieties
correspond to closed elementary categories. We characterize such elementary varieties as varieties E
with cokernels such that every cokernel A a−→ B b C in E can be lifted along any morphism E → C
in E (Deﬁnition 5). In the abelian case, a similar correspondence holds between locally ﬁnitely pre-
sented Grothendieck categories A and left abelian [16] varieties E .
For a cocomplete additive category A , let E denote the full subcategory of objects E for which the
maps (0) are surjective. Then A is elementary if and only if E is an elementary variety, and every
object of A is a direct limit of objects in E (Theorem 2). This shows that elementary categories
retain some similarity to locally ﬁnitely presented Grothendieck categories.
We give a precise characterization of the embedding I :A ↪→ A˜ of an elementary category A
into its closure A˜ . Namely, a closed elementary category B is of the form A˜ if and only if A
is a reﬂective full subcategory containing fp(B) such that the unit morphisms ηB : B → F (B) for
the reﬂector F :B→A are pure epimorphisms (Proposition 11). Furthermore, the adjunction F  I
induces an adjunction between the ﬂat objects of A and A˜ , respectively (Proposition 12).
1. E -elementary categories
In this section, we introduce a class of preabelian, but not necessarily abelian, categories with
a small subcategory E of objects which can be regarded as “elements” (see [13, VIII.4, Theorem 3]).
We assume the Gödel–Bernays set theory which distinguishes between sets and classes. For an
additive category A , the HomA (A, B) are allowed to be classes; we call A locally small if they are
W. Rump / Journal of Algebra 322 (2009) 2131–2149 2133sets for all A, B ∈ ObA . Kernels are depicted as A B , cokernels as A B . Recall that A is said
to be preabelian [14] if A has kernels and cokernels. We say that an additive category A is left
semi-abelian [15] if A is preabelian such that for any pullback
A
b
a
B
c
C
d
D
(1)
where d is a cokernel, the morphism a is an epimorphism. If a is even a cokernel, we call A left
quasi-abelian (= left almost abelian in [15]).
An object A of a category A with coproducts is said to be compact if every morphism A →∐i∈I Ai
into a coproduct factors through
∐
j∈ J A j
∐
i∈I Ai for some ﬁnite subset J ⊂ I . The full subcategory
of compact objects in A will be denoted by A c .
Deﬁnition 1. Let A be an additive category with a skeletally small full subcategory E ⊂A c . We say
that A is E -elementary if A is cocomplete, every object A of A admits a cokernel
∐
Ei  A with
Ei ∈ E , and for any sequence A a−→ B b C with b = coka and any morphism f : E → C with E ∈ E ,
there is a commutative diagram
E1
e
E0
c
E
f
A
a
B
b
C
(2)
with e ∈ E and c = cok e (in A ).
Lemma 1. Let ( f g) : A ⊕ B C be a cokernel in an additive category such that g factors through f . Then f
is a cokernel.
Proof. Assume that ( f g) = cok (uv
)
and g = f h. Then f (u + hv) = f u + gv = 0. We show that f =
cok(u + hv). In fact, if e(u + hv) = 0, then (e eh)(uv
)= 0. Hence (e eh) factors through ( f g), and thus
e factors through f . Furthermore, f is epic since ( f g) = f (1 h) is epic. 
Proposition 1. Every E -elementary category is locally small.
Proof. For any object A of A , there is a cokernel p :
∐
i∈I Ei  A with Ei ∈ E . If h : E → A is a
morphism with E ∈ E , Deﬁnition 1 yields a commutative diagram
F
e
g ∐
i∈I Ei
p
E
h
A
with F ∈ E . Since F is compact, g factors through ∐ j∈ J E j∐i∈I Ei for some ﬁnite subset J ⊂ I .
Therefore, h : E → A is uniquely determined by a ﬁnite set of morphisms in E , namely, by e : F → E
and the non-zero components F → Ei of g . Hence HomA (E, A) is a set.
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∐
F j B with F j ∈ E . Then a morphism
f : B → A is determined by f q ∈ HomA (∐ F j, B), where HomA (∐ F j, B) is a set. 
Next we show that the collection of functors HomA (E,−) with E ∈ E reﬂects kernels:
Lemma 2. LetA be an E -elementary category. A morphism g : A → B is a kernel of f : B → C inA if and
only if HomA (E, g) is a kernel of HomA (E, f ) for every E ∈ E .
Proof. The necessity is trivial. Conversely, let the condition of the lemma be satisﬁed, and let
h : X → B be a morphism with f h = 0. By assumption, there exists a cokernel c :∐ Ei  X with
Ei ∈ E . Assume that c = cokd. So we get a commutative diagram
D
d ∐
Ei
e
c
X
h
A
g
B
f
C
Consider a cokernel c′ :
∐
E ′j  D with E ′j ∈ E . Then gedc′ = hcdc′ = 0 gives edc′ = 0, hence ed = 0.
So there is a morphism h′ : X → A with e = h′c, which gives gh′ = h since c is epic. A similarly
argument shows that g is monic. Whence g = ker f . 
Proposition 2. Every E -elementary categoryA is left quasi-abelian, well-powered, and complete.
Proof. Assume, without loss of generality, that E is small. Let f : A → B be a morphism in A . By
Proposition 1, the morphisms i : Ei → A with Ei ∈ E and f i = 0 form a set I( f ). So we get a mor-
phism g :
∐
i∈I( f ) Ei → A. Similarly, there is a morphism h :
∐
j∈I(g) E j →
∐
i∈I( f ) Ei , which gives a
commutative diagram
∐
j∈I(g) E j
h ∐
i∈I( f ) Ei
c
g
A
f
B
Cokh
k
with c = cokh. We show that k = ker f . By the deﬁnition of g , every morphism e : E → A with E ∈ E
and f e = 0 factors through k. Thus by Lemma 2 it suﬃces to verify that a morphism e : E → Cokh
with E ∈ E and ke = 0 must be zero. By Deﬁnition 1, there is a cokernel e′ : E ′  E with E ′ ∈ E
such that ee′ = ch′ for some h′ : E ′ →∐i∈I( f ) Ei . Hence gh′ = kee′ = 0. Therefore, h′ factors through h,
which yields ee′ = ch′ = 0. Thus e = 0, which proves that A is preabelian.
Next we show that A has products
∏
i∈I Ai for any set I . Let J be the set of all families e = (ei)
of morphisms ei : Ee → Ai with Ee ∈ E . For each i ∈ I , this gives a morphism pi :∐e∈ J Ee → Ai . Let
J ′ denote the set of all morphisms f : E f →∐e∈ J Ee with E f ∈ E and pi f = 0 for all i ∈ I . Then we
get a commutative diagram
∐
f ∈ J ′ E f
q ∐
e∈ J Ee
c
pi
Ai
Cokq
ai
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be a family of morphisms in A . Choose a cokernel d :
∐
F j  Z with F j ∈ E . Hence there exists
a morphism h :
∐
F j →∐e∈ J Ee such that gid = pih for every i ∈ I . Choose d′ :∐ F ′k →
∐
F j with
F ′k ∈ E such that d = cokd′ . Then hd′ factors through q since pihd′ = 0 for all i. Consequently, there
is a morphism z : Z → Cokq with zd = ch. Hence (gi − ai z)d = 0, and thus gi = ai z for all i ∈ I . To
show that z is unique, let g : E → Cokq be any morphism with ai g = 0 for all i ∈ I . We have to verify
that g = 0. Clearly, we can assume that E ∈ E . So there is a cokernel r : F  E with F ∈ E such that
gr = cs for some s : F →∐e∈ J Ee . Therefore, pis = 0 for all i ∈ I , which implies that s factors through
q. Hence cs = 0, and thus g = 0. This proves that Cokq =∏i∈I Ai .
Now consider a pullback (1). There exists a cokernel e :
∐
Ei B with Ei ∈ E , and by Deﬁnition 1,
there are cokernels ei : Fi Ei with Fi ∈ E which yield a commutative diagram
∐
Fi
f
∐
ei ∐
Ei
ce
C
d
D
If ei = cok f i , then ∐ ei = cok∐ f i . The pullback property of (1) implies that the composite morphism
e(
∐
ei) factors through a. Hence a is epic, which proves that A is left semi-abelian. Now [15, Propo-
sition 2] (cf. [11, Propositions 5.10 and 5.12]), shows that e(
∐
ei) is a cokernel, and consequently, that
a is a cokernel. Thus A is left-quasi-abelian.
To show that A is well-powered, let m : A → B be a monomorphism. There is a cokernel
c :
∐
Ei  A with Ei ∈ E . By Lemma 1, we can assume that the components ci : Ei → A of c are
pairwise different. Therefore, the components mci of mc are different, too. Furthermore, Proposition 2
implies that c = cok(kermc). So the subobject m : A → B is determined by mc, while mc is given by a
set of morphisms Ei → B . 
As a consequence, we get a counterpart of Lemma 2.
Corollary. Let A be an E -elementary category. A morphism c : B → C in A is a cokernel if and only if for
every morphism e : E → C there is a cokernel f : F  E with F ∈ E such that ef factors through c.
Proof. The necessity follows by Deﬁnition 1. To prove the converse, we choose a cokernel e :
∐
Ei C
with components ei : Ei → C and Ei ∈ E . The condition of the criterion implies that there are cok-
ernels f i : Fi  Ei with Fi ∈ E such that the ei f i factor through c. Hence ∐ f i :∐ Fi →∐ Ei is a
cokernel, and e(
∐
f i) factors through c. Since A is left semi-abelian, this implies that c is a coker-
nel. 
2. Finitely presented objects
For an additive category A and a full subcategory E , let E⊕ denote the full subcategory of ﬁ-
nite direct sums E1 ⊕ · · · ⊕ En with Ei ∈ E , and let Cok(E ) be the full subcategory of cokernels of
morphisms in E⊕ . Then Cok(E ) is closed with respect to ﬁnite direct sums.
Lemma 3. Let A be an additive category with a full subcategory E . Then Cok(E ) is closed with respect to
cokernels.
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are morphisms f : F1 → F0 and p : F0 E0 with F0, F1 ∈ E⊕ and p = cok f . Furthermore, we have a
cokernel q : F  E1 with F ∈ E⊕ . So there is a commutative diagram
F ′1
f1
f ′
F ′0
f0
p′
F
eq
F1
f
F0
p
E0
with F ′0, F ′1 ∈ E⊕ and p′ = cok f ′ . Hence cp is the cokernel of ( f0 f ) : F ′0 ⊕ F1 → F0, and thus
E ∈ Cok(E ). 
The next proposition shows that for an E -elementary category, there is no loss of generality if we
assume E to be closed with respect to ﬁnite direct sums and cokernels.
Proposition 3. Every E -elementary categoryA is Cok(E )-elementary.
Proof. Since A is E⊕-elementary, we can assume that E is closed with respect to ﬁnite direct
sums. To show that A is Cok(E )-elementary, let E1
e′−→ E0 e E be a sequence of morphisms with
e′ ∈ E and e = cok e′ . We show ﬁrst that E is compact. For any morphism f : E →∐i∈I Ai , there is a
commutative diagram
E1
e′
E0
g
e
E
f
∐
j∈ J A j
s ∐
i∈I Ai
with a ﬁnite subset J ⊂ I . Hence sge′ = 0, and thus ge′ = 0. So g = he for some h : E →∐ j∈ J A j ,
which yields f = sh. This proves that Cok(E ) ⊂A c .
It remains to complete a diagram like (2) for a morphism f : E → C . First, we get a commutative
diagram
F ′1
f ′1
d′
F ′0
f ′0
c′
E1
e′
F1
f1
d
F0
f0
c
E0
f e
A
a
B
b
C
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F1 ⊕ F ′0
( f1 0)
(d f ′0)
F0
f0
ec
E
f
A
a
B
b
C
with ec = cok(d f ′0). 
Deﬁnition 2. We call an object E of an additive category A ﬁnitely generated if for any cokernel∐
i∈I Ai E , there is a ﬁnite subset J ⊂ I such that the composite morphism
∐
j∈ J A j
∐
i∈I Ai E
is a cokernel. We say that E is ﬁnitely presented if, in addition, for any cokernel c : F  E with F
ﬁnitely generated, there is a morphism f : F ′ → F with F ′ ﬁnitely generated and c = cok f . The full
subcategory of ﬁnitely generated (ﬁnitely presented) objects in A will be denoted by Afg (respec-
tively Afp).
Recall that a sequence
A
a
 B
b
 C (3)
of morphisms in an additive category A is said to be short exact if a = kerb and b = coka.
Proposition 4. LetA be an E -elementary category. An object F ofA is ﬁnitely generated if and only if there
is a cokernel E  F with E ∈ E⊕ . If the end terms A,C of a short exact sequence (3) are ﬁnitely generated,
then B is ﬁnitely generated.
Proof. Let e : E F be a cokernel with E ∈ E⊕ , and let c :∐i∈I Ai  F be a cokernel. Then there is
a cokernel p : E0 E with E0 ∈ E⊕ such that ep factors through c. Since E0 is compact, ep factors
through c′ :
∐
j∈ J A j
∐
i∈I Ai
c F for some ﬁnite subset J ⊂ I . Hence Proposition 2 implies that c′
is a cokernel, and thus F is ﬁnitely generated. The converse is trivial.
Now let (3) be a short exact sequence with A,C ∈Afg. So there are cokernels p1 : E1  A and
p2 : E2  C with E1, E2 ∈ E⊕ . By Deﬁnition 1, we can assume that p2 = bh for some h : E2 → B .
We use the corollary of Proposition 2 to show that (ap1 h) : E1 ⊕ E2 → B is a cokernel. Thus let
e : E → B be a morphism with E ∈ E . Then there is a cokernel p : F  E and a morphism f : F → E2
with bep = p2 f . Hence b(ep − hf ) = 0. So there is a morphism g : F → A with ep − hf = ag . By
Deﬁnition 1, we ﬁnd a cokernel q : F ′  F and a morphism g′ : F ′ → E1 such that gq = p1g′ . This
gives a commutative diagram
F ′
( g
′
f q)
pq
E
e
E1 ⊕ E2
(ap1 h)
B
which proves that (ap1 h) : E1 ⊕ E2 → B is a cokernel. 
Up to here, only the right-hand square of (2) in Deﬁnition 1 has been used. Namely, we only
made use of the statement that for a cokernel b and a morphism f with E ∈ E , there is a cokernel
c with E0 ∈ E such that f c factors through b. By Proposition 4, every E -elementary category A
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Afg-elementary.
Now we turn our attention to ﬁnitely presented objects.
Theorem 1. LetA be an E -elementary category. Then Cok(E ) =Afp .
Proof. We show ﬁrst that every object E ∈ E is ﬁnitely presented. By Proposition 4, E is ﬁnitely
generated. Thus let K
k F
p
 E be a short exact sequence with F ﬁnitely generated. By Deﬁnition 1,
there is a commutative diagram
E1
e1
e
E0
e0
c
E
K
k
F
p
E
with e ∈ E and c = cok e. Choose a cokernel q :∐i∈I Ei  K with Ei ∈ E . We use the corollary
of Proposition 2 to show that (e0 kq) : E0 ⊕ ∐i∈I Ei → F is a cokernel. Thus let f : D → F be a
morphism with D ∈ E . By Deﬁnition 1, there is a cokernel d : D ′  D with D ∈ E and a mor-
phism g : D ′ → E0 such that (pf )d = cg . Hence p( f d − e0g) = 0, and thus we get a morphism
h : D ′ → K with f d − e0g = kh. Again by Deﬁnition 1, we have a cokernel d′ : D ′′ D ′ with D ′′ ∈ E
and a morphism h′ : D ′′ → ∐i∈I Ei such that hd′ = qh′ . Thus f (dd′) = e0gd′ + kqh′ = (e0 kq)
(gd′
h′
)
.
Since F is ﬁnitely generated, we ﬁnd a subset J ⊂ I such that (e0 kq J ) : E0 ⊕∐ j∈ J E j → F is still
a cokernel, where q J denotes the restriction
∐
j∈ J E j 
∐
i∈I Ei
q
 K . Now it is easily veriﬁed that
p = cok(ke1 kq J ). Whence E is ﬁnitely presented. By Proposition 3, this proves that Cok(E ) ⊂Afp.
Conversely, let E be ﬁnitely presented. By Proposition 4, there exists a cokernel c : E0  E with
E0 ∈ E⊕ . So we get a morphism f : F → E0 with F ﬁnitely generated and c = cok f . Choose a cokernel
e : E1 F with E1 ∈ E⊕ . Then c = cok f e, and therefore, E ∈ Cok(E ). 
Theorem 1 and Proposition 3 suggest the following
Deﬁnition 3. We call an additive category A elementary if it is Afp-elementary.
The next two propositions exhibit a wide class of elementary categories. For a skeletally small
preadditive category E , we write Mod(E ) for the category of additive functors E op → Ab into the
category Ab of abelian groups. For example, a ring R can be regarded as a preadditive category with
a single object. So the category Mod(R) of left R-modules arises as a particular case. Recall that a full
subcategory F of an abelian category A is said to be a pretorsion-free class [19] if every object A of
A admits an epimorphism ηA : A F A with F A ∈F such that every morphism A → F with F ∈F
factors through ηA .
Proposition 5. Let E be a skeletally small additive category. Every pretorsion-free classA in Mod(E ) with
E ⊂A is E -elementary.
Proof. As above, let F :Mod(E ) → A be the left adjoint of the inclusion A ↪→ Mod(E ). By
[15, Theorem 2], the category A is left quasi-abelian. For a family of objects Ai in A , the morphisms
Ai →∐ Ai F (∐ Ai) deﬁne a coproduct in A . Hence A is cocomplete. Furthermore, the objects of
E are compact in A . For any object A of A , there is an epimorphism
∐
Ei  A in Mod(E ) with
Ei ∈ ObE . So we get an epimorphism F (∐ Ei) A which is a cokernel in A . Finally, let a : A → B
be a morphism in A with cokernel c : B D in Mod(E ). Then b : B c D C := F D is the cokernel
W. Rump / Journal of Algebra 322 (2009) 2131–2149 2139of a in A . Thus every morphism f : E → C with E ∈ E factors through b, which implies that the
diagram (2) can be completed. 
Proposition 6. Let A be an elementary category. For any small category I , the functor category AI is
elementary.
Proof. Every object i of I gives rise to an evaluation Ei :AI →A which maps F ∈AI to F (i).
For any A ∈ ObA , the Yoneda lemma yields
HomAI
(
A(I (i,−)), F
)∼= Set(I (i,−),HomA (A, F−))∼= HomA (A, F (i)).
Hence A 	→ A(I (i,−)) deﬁnes a left adjoint Vi :A →AI to Ei , so that
HomAI
(
Vi(A), F
)∼= HomA (A, F (i)) (4)
is a natural isomorphism for all i ∈ ObI . Assume that A is E -elementary, and let E˜ denote the
full subcategory of AI consisting of the functors Vi(E) with i ∈ ObI and E ∈ E . These objects
are compact by virtue of (4). For any i, there is a cokernel c :
∐
Eα  F (i) in A with Eα ∈ E . This
gives a natural transformation
∐
Vi(Eα) ∼= Vi(∐ Eα) Vi(c) Vi(F (i)) ε−→ F , where ε denotes the counit
of the adjunction (4). The ith component εi : F (i)(I (i,i)) → F (i) of ε is a cokernel. Hence there exists
a cokernel
∐
Eβ  F with Eβ ∈ E˜ . The remaining condition of Deﬁnition 1 follows immediately
by (4). 
3. Purity
Let mod(A ) denote the category of ﬁnitely presented A -modules [10,15]. Its objects are mor-
phisms a : A1 → A0 in the additive category A , and a morphism a → b in mod(A ) is a commutative
diagram
A1
a
f1
B1
b
A0
f0
B0
(5)
modulo such commutative squares (5) for which there is a morphism h : A0 → B1 with f0 = bh. The
category com(A ) is deﬁned in the same way except that the equation f0 = bh is replaced by f1 = ha.
Then com(A ) ≈mod(A op)op, and there are natural full embeddings
com(A ) ←↩A ↪→mod(A ) (6)
which map an object A of A to A− := (A → 0) in com(A ) and to A+ := (0 → A) in mod(A ),
respectively.
An object P of an additive category A is said to be projective if for any cokernel c : B C in A ,
every morphism P → C factors through c. A projective object in A op is said to be injective in A .
We write Proj(A ) for the full subcategory of projective objects, and Inj(A ) for the full subcategory
of injective objects of A . For example, we always have A ⊂ Inj(com(A )), with equality if and only
if A has splitting idempotents. Due to the embedding (6), an object a : A0 → A1 in com(A ) can be
identiﬁed with the kernel of a in com(A ).
For a full subcategory E of A , the full embedding
com(E ) ↪→ com(A ) (7)
is used in the following deﬁnition.
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Homcom(A )(com(Afp),m) = 0 holds in com(A ). Similarly, we call e ∈ A a pure epimorphism if
Hommod(A )(mod(Afp), e) = 0 holds in mod(A ).
Thus e : B → C is a pure epimorphism if and only if every morphism E → C with E ∈Afp factors
through e. The relationship between the two concepts is given by
Proposition 7. LetA be an elementary category.
(a) Every pure monomorphism is monic, and its cokernel is a pure epimorphism.
(b) Every pure epimorphism is a cokernel, and its kernel is a pure monomorphism.
Proof. (a) Let m : A → B be a pure monomorphism. Then Homcom(A )(E−,m) = 0 holds for all
E ∈Afp. By Lemma 2, this implies that m is monic. Let e : B  C be the cokernel of m, and let
f : E → C be a morphism with E ∈Afp. Then we have a commutative diagram
E1
e1
g
E0
e0
c
E
f
A
m
B
e
C
(8)
with g ∈Afp and c = cok g . So there is a morphism h : E0 → A with e1 = hg . Hence (e0 −mh)g = 0,
and thus we get a morphism h′ : E → B with e0 −mh = h′c. This implies that ( f − eh′)c = 0, which
gives f = eh′. Therefore, e is a pure epimorphism.
(b) By the corollary of Proposition 2, any pure epimorphism e : B → C is a cokernel. Let m : A B
be the kernel of e. Every morphism g →m in com(A ) with g ∈ com(Afp) gives rise to a commuta-
tive diagram (8) in A with c = cok g . By Theorem 1, we have E ∈Afp. Hence there is a morphism
h : E → B with f = eh. Hence e(e0 − hc) = 0, which yields e0 − hc =mh′ for some h′ : E0 → A. So we
get m(e1 − h′g) = 0, and thus e1 = h′g since m is monic. 
By deﬁnition, pure epimorphisms form a subcategory of A . Similarly, we have
Proposition 8. LetA be an elementary category. Then the pure monomorphisms form a subcategory ofA .
Proof. Let m : A → B and m′ : B → C be pure monomorphisms. Consider a commutative diagram
E1
f
e
E0
g
A
m
B
m′
C
with e ∈Afp. As m′ is a pure monomorphism, there is a morphism h : E0 → B with mf = he. As m
is a pure monomorphism, there is some h′ : E0 → A with f = h′e. Hence m′m is a pure monomor-
phism. 
Pure epimorphisms arise in connection with direct limits, that is, colomits of functors I →A ,
where I is small and ﬁltered [13], i.e. every ﬁnite subset Σ of I admits a cocone in I . (This
implies that I is non-empty.)
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∐
Ai
lim−→ Ai is a pure epimorphism.
Proof. For a morphism α : i → j of the index category I , we write d(α) := i and c(α) := j. There is
a natural presentation
∐
α∈I
Ad(α)
u−→
∐
i∈ObI
Ai
v
 lim−→ Ai (9)
with v = coku, where the components of u are (−1Aα
)
: Ad(α) → Ad(α) ⊕ Ac(α) if d(α) = c(α) and
Aα − 1 : Ad(α) → Ad(α) otherwise. Since A is left quasi-abelian, we have a factorization
u :
∐
α∈I
Ad(α)
p
 B m−→
∐
i∈ObI
Ai (10)
of u into a cokernel p and a monomorphism m. To show that m is a pure monomorphism, let
E1
e
f1
B
m
E0
f0 ∐
i∈ObI Ai
be a commutative diagram with E0, E1 ﬁnitely presented. So there is a cokernel q : E2 E1 with E2
ﬁnitely presented, and a morphism f2 : E2 →∐α∈I Ad(α) such that f1q = pf2. Since E0, E2 are com-
pact, there is a ﬁnite subset Σ ⊂I such that f0 factors through ∐ j∈d(Σ)∪c(Σ) A j∐i∈ObI Ai and
f2 factors through
∐
β∈Σ Ad(β)
∐
α∈I Ad(α) . Since I is ﬁltered, we ﬁnd a subcategory J of I
with |ObJ | < ℵ0 which contains Σ and a terminal object t . Then (9) restricts to a presentation
∐
β∈J
Ad(β)
u′−→
∐
j∈ObJ
A j
v ′
 At .
Let 
 ⊂J be the set of morphisms i → t with i = t . Then every component Ad(β) →∐ j∈ObJ A j
of u′ factors through the restriction of u′ to
∐
β∈
 Ad(β) . Therefore, we get a commutative diagram
E2
q
E1
f
e
E0
∐
β∈J Ad(β)
r ∐
β∈
 Ad(β)
u′′ ∐
j∈ObJ A j
with a split epimorphism r and a split monomorphism u′′ . The induced morphism f factors through e,
hence f1 factors through e. So we have shown that m is a pure monomorphism. By Proposition 7,
this implies that v is a pure epimorphism. 
Remark. For a later application (proof of Theorem 2), we proved the stronger statement that the
morphism m in (10) is a pure monomorphism.
2142 W. Rump / Journal of Algebra 322 (2009) 2131–2149Corollary. Let A be an elementary category. For a small ﬁltered category I and a cocone ci : Ai → A
(i ∈ ObI ) of (pure)monomorphisms ci inA , the morphism c : lim−→ Ai → A is a (pure)monomorphism.
Proof. If the ci are monic, then Lemma 2 and Proposition 9 imply that c is monic. Assume that the
ci are pure monomorphisms. Consider a commutative diagram
E0
e
f0
lim−→ Ai
c
E1
f1
A
with E0, E1 ﬁnitely presented. Then f0 factors through A j → lim−→ Ai for some j ∈ ObI . Hence f0
factors through e since c j is a pure monomorphism. 
Example 1. Let A be the full subcategory of Ab consisting of the groups A ∈ Ab cogenerated by E ,
the class of ﬁnitely generated abelian groups. Then A is a pretorsion-free class in Ab, and thus A is
elementary by Proposition 5. Theorem 1 implies that Afp = E . Consider the exact sequence
A
i
↪→
∐
n∈N
Z/pnZ Zp∞
in Ab for some Prüfer group Zp∞ . It is easy to show that i is a pure monomorphism in A . Since
Hom(Zp∞ ,E ) = 0, it follows that i is not a kernel.
4. The closure of an elementary category
The preceding example shows that pure monomorphisms in an elementary category A need not
be kernels. We will show that this phenomenon is caused by a lack of objects. Note ﬁrst that Afp is
an elementary variety in the sense of the following
Deﬁnition 5. We deﬁne an elementary variety to be a skeletally small additive category with cokernels,
such that every diagram (2) with given a,b, f , where b = coka, can be completed to a commutative
diagram with c = cok e.
More generally, a skeletally small additive category with splitting idempotents is called a vari-
ety [3]. For a full subcategory C of an additive category A , a morphism e : A → B in A is said to
be C -epic if every morphism C → B with C ∈ C factors through e. Similarly, m : A → B is called
a C -monomorphism if every A → C with C ∈C factors through m.
Lemma 4. Let A be an additive category with a skeletally small full subcategory E ⊂A c such that every
object A ofA admits an E -epic cokernel
∐
Ei A with Ei ∈ E . Then every E -epimorphism is a cokernel.
Proof. For a given A ∈ ObA , choose an E -epic cokernel c :∐ Ei  A with Ei ∈ E . Then every mor-
phism f : E → A with E ∈ E factors through c. Since E is compact, this implies that HomA (E, A) is
a set. Next let a : A → B be E -epimorphism. Choose an E -epic cokernel p :∐ Ei  B with p = cokq
and Ei ∈ E . Then p = ae for some e :∐ Ei → A. The morphisms f : E f → A with af = 0 and E f in
E give rise to a morphism g :
∐
E f → A. Then it is easily veriﬁed that (e g) :∐ Ei ⊕∐ E f → A is an
E -epimorphism, hence an epimorphism. It follows that a is the cokernel of (eq g). 
Proposition 10. A cocomplete additive category A with a full subcategory E ⊂A c is E -elementary with
E =Afp if and only if the following are satisﬁed.
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(b) Every object A ofA admits an E -epic cokernel
∐
Ei A with Ei ∈ E .
(c) For a direct limit lim−→ Ai inA , the natural morphism
∐
Ai lim−→ Ai is E -epic.
Proof. The necessity follows by Proposition 9. Conversely, let (a)–(c) be satisﬁed. We show ﬁrst that
E = Cok(E ). From (a) we infer that E = E⊕ . For a morphism e : E1 → E0 in E , let c : E0 E be its
cokernel in E . To show that c is a cokernel in A , let f : E0 → A be a morphism in A with f e = 0.
Choose an E -epic cokernel p :
∐
Ei  A with Ei ∈ E , and a morphism q :∐ E ′j →
∐
Ei with E ′j ∈ E
such that every g : E →∐ Ei with pg = 0 and E ∈ E factors through q. Then p = cokq. Now f = pg
for some g : E0 →∐ Ei . Therefore, pge = 0, hence ge = qg′ for some g′ : E1 →∐ E ′j . This gives a
commutative diagram
E1
g′
e
E0
g
c
E
h
∐
E ′j
q ∐
Ei
p
A
which shows that f = pg = hc. Thus c = cok e holds in A .
By Theorem 1, it remains to show that every diagram (2) with b = coka and E ∈ E can be
completed. Choose an E -epic cokernel e :
∐
i∈I Ei  B with Ei ∈ E . Then (a e) : A ⊕
∐
Ei → B is
an E -epimorphism. Hence Lemma 4 implies that (a e) = cok (−hg
)
for some h :
∐
j∈ J F j → A and
g :
∐
j∈ J F j →
∐
i∈I Ei with F j ∈ E . So we get a commutative diagram
∐
j∈ J F j
h
g ∐
i∈I Ei
e
c
C
A
a
B
b
C
with c = cok g . Consider the pairs (I ′, J ′) of ﬁnite subsets I ′ ⊂ I and J ′ ⊂ J such that g re-
stricts to a morphism g′ :
∐
j∈ J ′ F j →
∐
i∈I ′ Ei of subcoproducts. Then there are natural morphisms
C(I ′, J ′) := Cok g′ → C which form a limit cocone. Hence (c) implies that f : E → C factors through
some C(I ′, J ′) → C . So the diagram (2) can be completed by virtue of (a). 
For an additive category A , let fp(A ) denote the full subcategory of objects E for which
HomA (E,−) preserves direct limits in A , i.e. the natural morphism
lim−→HomA (E, Ai) −→ HomA (E, lim−→ Ai) (11)
in Ab is invertible whenever lim−→ Ai exists in A . An additive category A is called locally ﬁnitely
presented [6] if it admits direct limits, fp(A ) is skeletally small, and every object of A is a direct
limit of objects Ei ∈ fp(A ). It is well known [6] that any variety E corresponds to a locally ﬁnitely
presented category A with E = fp(A ) and A ≈ −→E , the full subcategory of ﬂat objects in Mod(E ).
Note that by Lazard’s theorem [12, Theorem 1.2], the objects of
−→
E coincide with the direct limits of
objects in E . Proposition 10 yields the following characterization of elementary categories.
Theorem 2. LetA be a cocomplete additive category, and let E be the full subcategory ofA such that ObE
consists of the objects E for which the maps (11) are surjective. Then A is elementary if and only if E is an
elementary variety and every object ofA is a direct limit of objects in E . IfA is elementary, then E =Afp .
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every object E of E admits an Afp-epic cokernel p :
∐
i∈I Ei  E with Ei ∈Afp, and there is a mor-
phism q :
∐
j∈ J E ′j →
∐
i∈I Ei with E ′j ∈Afp and p = cokq. For the restrictions q′ :
∐
j∈ J ′ E ′j →
∐
i∈I ′ Ei
of q with ﬁnite I ′ ⊂ I and J ′ ⊂ J , the cokernels C(I ′, J ′) := Cokq′ are ﬁnitely presented, and
E = lim−→ C(I ′, J ′). Hence there is a split epimorphism C(I ′, J ′) E for suitable I ′, J ′ , which proves
that E =Afp. Now the necessity follows by Proposition 10.
Conversely, let E be an elementary variety such that every object of A is a direct limit of objects
in E . Since every coproduct is a direct limit of ﬁnite subcoproducts, E ⊂A c . Hence A is elementary
by Proposition 10. 
Corollary. Let A be an elementary category. Then fp(A ) ⊂Afp , and every object of A is a direct limit of
ﬁnitely presented objects.
Proof. Theorem 2 implies that every E ∈ ObA is a direct limit of objects Ei ∈Afp. If E ∈ fp(A ),
there is a split epimorphism E j lim−→ Ei = E for some j. Hence E is ﬁnitely presented. 
Theorem 3. For an elementary categoryA , the following are equivalent.
(a) Every pure monomorphism ofA is a kernel.
(b) Afp ⊂ fp(A ).
(c) A is locally ﬁnitely presented.
(d) For any small ﬁltered categoryI , the functor lim−→ :A
I →A is exact.
Proof. (a) ⇒ (b): Every direct limit in A admits a presentation (9). Since A is left quasi-abelian,
we have a factorization (10) of u such that m is a pure monomorphism by the remark that follows
Proposition 9. Thus m is a kernel. Now let f : E → A j be a morphism with E ﬁnitely presented such
that E
f−→ A j → lim−→ Ai is zero. Hence f ′ : E
f−→ A j∐ Ai satisﬁes f ′ =mg for some g : E → B . So
we get a commutative diagram
F
h
e
E
g
∐
α∈I Ad(α)
p
B
with F ﬁnitely presented. Hence h factors through
∐
α∈Σ Ad(α)
∐
α∈I Ad(α) for a ﬁnite subset
Σ ⊂ I . Therefore, we ﬁnd a subcategory J ⊃ Σ of I with ObJ ﬁnite and with a terminal
object t . We can assume that j ∈ ObJ . Then f e is annihilated by a j,t : A j → At . Whence a j,t f = 0.
This proves that Afp ⊂ fp(A ). Now the implication (b) ⇒ (c) follows by the corollary of Theorem 2,
and (c) ⇒ (d) follows by [6, Corollary 2.3].
(d) ⇒ (a): We show ﬁrst that (11) is injective for E ∈ Afp. Thus for a direct limit lim−→ Ai and
a ﬁxed j, consider a morphism e : E → A j which is annihilated by a j : A j → lim−→ Ai . Consider the
commutative diagram
Ki
ki
A j
a j,i
Ai
ai
K
k
A j
a j
lim−→ Ai
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some i. This shows that the morphism (11) is injective.
Now let m : A → B be a pure monomorphism with cokernel c : B  C . By the corollary of The-
orem 2, we can assume that A = lim−→ Ei and B = lim−→ F j with Ei, F j ﬁnitely presented. Consider the
pairs (i, j) for which m restricts to a morphism mi, j : Ei → F j , and let ci, j : F j  Ci, j be the cokernel
of mi, j . Then C = lim−→ Ci, j . For each such pair i, j, we have a commutative diagram
Ei
ei
mi, j
F j
f j
ci, j
Ci, j
A
m
B
c
C
Since m is a pure monomorphism, there is a morphism hi, j : F j → A with ei = hi, jmi, j . Thus
( f j − mhi, j)mi, j = 0, which yields a morphism h′i, j :Ci, j → B with f j = mhi, j + h′i, jci, j . Now let
e : E → B be a morphism with E ﬁnitely presented and ce = 0. Then e = f je j for some e j : E → F j .
Since (11) is injective, ci, je j is annihilated by some Ci, j → Ck,l . Therefore, replacing (i, j) by (k, l), we
can assume that ci, je j = 0. Hence e = f je j =mhi, je j , i.e. e factors through m.
Finally, assume that e : E → A with E ∈ Afp satisﬁes me = 0. Then e = ei gi for some i and
gi : E → Ei . So we ﬁnd some j for which mi, j : Ei → F j exists. Hence f jmi, j gi =mei gi = 0, and thus
mi, j gi is annihilated by some F j → Fk . Therefore, we can assume that mi,k gi = 0. Since ei factors
through mi,k , we get e = 0. By Lemma 2, this proves that m = ker c. 
Deﬁnition 6. We call an elementary category closed if it satisﬁes the equivalent conditions of Theo-
rem 3.
As a consequence of Theorem 3, we get
Corollary 1. For an additive categoryA , the following are equivalent.
(a) A is a closed elementary category.
(b) A is locally ﬁnitely presented such that fp(A ) is an elementary variety.
Proof. The implication (a) ⇒ (b) follows by Theorem 2 and its corollary, and Theorem 3.
(b) ⇒ (a): By [6], Corollary of Theorem 2.2, the category A is cocomplete. Therefore, Proposi-
tion 10 completes the proof. 
So there is a one-to-one correspondence, up to equivalence, between closed elementary categories
A and elementary varieties E , given by A ≈ −→E . For example, every skeletally small left abelian
category [16] is an elementary variety. Note that Breitsprecher’s theorem [5, Satz 2.7] implies that
a locally ﬁnitely presented category A is abelian if and only if fp(A ) is left abelian (see [6, 2.4]).
Therefore, every locally ﬁnitely presented Grothendieck category is a closed elementary category.
Corollary 2. Every elementary categoryA admits a full embeddingA ↪→ A˜ into a closed elementary cate-
gory A˜ such thatAfp = A˜fp . Up to equivalence, this embedding is unique.
Proof. Choose a skeleton E of Afp. Then Mod(E ) is locally ﬁnitely presented with fp(Mod(E )) =
mod(E ). Thus Corollary 1 implies that Mod(E ) is a closed elementary category. We set A˜ := −→E .
For an object A of A , the set S(A) of morphisms e : Ee → A with Ee ∈ E deﬁnes a cokernel
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∐
e∈S(A) Ee  A. Let I(A) denote the set of morphisms E →
∐
e∈S(A) Ee with E ∈ E which are
annihilated by c. Then we get a presentation
∐
f ∈I(A)
E f
g−→
∐
e∈S(A)
Ee
c
 A
with c = cok g . This deﬁnes a full embedding A ↪→ Mod(E ) which maps A to the cokernel of g in
Mod(E ). Note that up to isomorphism, E ↪→A is ﬁxed under this embedding. To show that A is ﬂat
in Mod(E ), let f : F → A be a morphism with F ∈mod(E ). So there is a presentation E1 u−→ E0 v F
with u ∈ E and v = coku. This gives a commutative diagram
E1
f1
u
E0
f0
v
F
f
Ker c
m ∐
e∈S(A) Ee
c
A
with a pure monomorphism m ∈ A . Hence there is a morphism h : E0 → Ker c with f1 = hu. So
we get a morphism h′ : F → ∐ Ee with f0 − mh = h′v , which implies that f factors through c.
This proves that A ⊂ −→E . The uniqueness of A˜ follows since A˜ is locally ﬁnitely presented with
fp(A˜ ) =Afp. 
For an elementary category A , the closed elementary category A˜ of Corollary 2 will be called
the closure of A . Since monomorphisms are kernels in an abelian category, we have
Corollary 3. An elementary category is abelian if and only if it is a locally ﬁnitely presented Grothendieck
category.
5. Flat covers
Recall that a full subcategory A of an additive category B is said to be reﬂective if the inclusion
A ↪→B has a left adjoint F :B→A , i.e. for each B ∈ ObB, there is a morphism ηB : B → F (B)
such that every morphism B → A with A ∈A factors uniquely through ηB . The morphisms ηB are
called unit morphisms. The following theorem characterizes an elementary category A within its clo-
sure A˜ .
Proposition 11. A full subcategoryA of a closed elementary categoryB with E := fp(B) ⊂A is elemen-
tary with A˜ =B if and only ifA ↪→B is reﬂective such that the unit morphisms are E -epic.
Proof. Assume that A is elementary with A˜ =B. For any object B of B, there is an E -epic coker-
nel c :
∐
Ei  B with Ei ∈ E , and a morphism g :∐ E ′j →
∐
Ei with E ′j ∈ E and c = cok g such that
every f : E →∐ Ei with E ∈ E and cf = 0 factors through g . Therefore, the cokernel d :∐ Ei  F (B)
of g in A factors through c. So there is a morphism ηB : B → F (B) with d = ηBc. The construction of
ηB implies that F :B→A is a left adjoint of A ↪→B with unit morphisms ηB . To show that ηB is
E -epic, let f : E → F (B) be a morphism with E ∈ E . By Deﬁnition 1, there is a commutative diagram
E1
f1
e
E0
f0
p
E
f
∐
E ′j
g ∐
Ei
d
F (B)
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we ﬁnd a morphism f ′ : E → B with f ′p = cf0. This gives ( f − ηB f ′)p = f p − ηBcf0 = 0. Whence
f = ηB f ′ .
Conversely, assume that A ↪→B is reﬂective with E -epic unit morphisms. Then the left adjoint
F :B→A preserves colimits. Hence A is cocomplete. For a colimit B = lim−→ Ai in B with Ai ∈A ,
the colimit in A is given by the morphisms Ai → B ηB−−→ F (B). As the ηB are E -epic, it follows that
the maps (11) are surjective for E ∈ E and direct limits A = lim−→ Ai in A . On the other hand, every E
with this property is a direct limit E = lim−→ Ei with Ei ∈ E , hence a direct summand of some Ei . Thus
E coincides with the full subcategory E ⊂A of Theorem 2. By Proposition 10, applied to E ⊂B,
we infer that E is an elementary variety. Therefore, Theorem 2 implies that A is elementary with
E =Afp. Whence A˜ =B. 
Deﬁnition 7. Let A be an elementary category. We call X ∈ ObA ﬂat if every cokernel A X is a
pure epimorphism. The full subcategory of ﬂat objects will be denoted by Flat(A ).
This deﬁnition generalizes Stenström’s concept of ﬂatness in locally ﬁnitely presented Grothendieck
categories [18].
Proposition 12. LetA be an elementary category, and let F : A˜ →A be the left adjoint ofA ↪→ A˜ . Then
Flat(A ) ⊂ Flat(A˜ ), and F maps Flat(A˜ ) to Flat(A ).
Proof. Let X ∈ Flat(A ) be given, and let c : B  X be a cokernel in A˜ , say, c = cok f . Hence F (c)
is a cokernel of F ( f ) in A . With E :=Afp, this implies that F (c) is E -epic. Since ηB is E -epic, it
follows that c is E -epic. Hence X ∈ Flat(A˜ ).
Next, let Y be ﬂat in A˜ . We show that F (Y ) is ﬂat in A . Thus let p : A F (Y ) be a cokernel
in A . Then p admits a factorization p : A
c
 B
ηB F (B) ∼= F (Y ) with a cokernel c in A˜ . By Proposi-
tions 7 and 11, ηB is a cokernel in A˜ . Hence p is a cokernel in A˜ . So we have a pullback
Z
q
Y
ηY
A
p
F (Y )
in A˜ with a cokernel q. Since Y is ﬂat, we infer that q is E -epic. As ηY is E -epic, it follows that p
is E -epic. This proves that F (Y ) ∈ Flat(A ). 
Let F be a full subcategory of an additive category A . Recall that an F -precover of an object
A of A is an F -epimorphism c : F → A with F ∈F . If, in addition, every endomorphism e : F → F
with ce = c is invertible, c is said to be an F -cover. We are interested in the special case where A
is elementary and F = Flat(A ). Then an F -cover will be called a ﬂat cover. Now we are ready to
prove our main theorem.
Theorem 4. LetA be an elementary category. Then every object ofA admits a ﬂat cover.
Proof. By Corollary 2 of Theorem 3, we have a full embedding A ↪→ A˜ into a closed elementary
category such that E :=Afp = A˜fp. Furthermore, Proposition 11 implies that this embedding has a
left adjoint F : A˜ →A with E -epic unit morphisms. By Proposition 2, A˜ is left quasi-abelian and
locally ﬁnitely presented. Thus [17, Corollary 1 of Theorem 2], implies that ﬂat covers exist in A˜ .
2148 W. Rump / Journal of Algebra 322 (2009) 2131–2149Now let A ∈ ObA be given. Choose a ﬂat cover c : Y → A in A˜ . So we get a factorization
Y
ηY
c
A
F (Y )
d
where ηY is E -epic by Proposition 11. Furthermore, F (Y ) is ﬂat in A , hence ﬂat in A˜ by Propo-
sition 12. Therefore, d = cf for some f : F (Y ) → Y . This gives c · f ηY = c. Since c is a ﬂat cover, it
follows that f ηY is invertible. Thus ηY is a split monomorphism. By Proposition 7, ηY is a cokernel.
Hence ηY is invertible. Since Flat(A ) ⊂ Flat(A˜ ), we infer that d is a ﬂat cover in A . 
Corollary 1. LetA be an elementary category. Every ﬂat cover inA is also a ﬂat cover in A˜ .
Proof. Let c : X → A be a ﬂat cover in A , and let f : Y → A be a morphism in A˜ with Y ∈ Flat(A˜ ).
Then f = gηY , and g factors through c. Hence f factors through c. 
Furthermore, Proposition 5 yields
Corollary 2. Let R be a ring, and let A be a pretorsion-free class in Mod(R) such that the left R-module R
belongs toA . Then every object ofA has a ﬂat cover.
Note that every class of R-modules cogenerates a pretorsion-free class in Mod(R) (see [1, §8]). We
conclude with two examples of elementary categories.
Example 2. Let R be a right artinian ring, and let A be the full subcategory of Mod(R) consisting of
the submodules of projective R-modules. By [1, Corollary 28.9], every product of projective R-modules
is projective. Hence A is elementary by Proposition 5.
Example 3. In [2], it is shown that ﬂat covers exist in the category of complexes over a module
category. More generally, let A be any elementary category, and let I denote the category with
ObI := Z, such that I is freely generated by the morphisms δi : i → i + 1 which satisfy δi+1δi = 0
for all i ∈ Z. Then the category Comp(A ) of complexes over A is just the functor category AI .
Hence Comp(A ) is elementary by Proposition 6, and Comp(A ) has ﬂat covers by Theorem 4.
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